The Annals of Probability 
2013, Vol. 41, No. 2, 989-1029 
DOI: 10.1214/11-AOP741 

© Institute of Mathematical Statistics. 2013 

A SUPER ORNSTEIN UHLENBECK PROCESS INTERACTING 
WITH ITS CENTER OF MASS 

By Hardeep Gill 
University of British Columbia 

We construct a supercritical interacting measure- valued diffusion 
with representative particles that are attracted to, or repelled from, 
the center of mass. Using the historical stochastic calculus of Perkins, 
we modify a super Ornstein-Uhlenbeck process with attraction to its 
origin, and prove continuum analogues of results of Englander [Elec- 
tron. J. Probab. 15 (2010) 1938-1970] for binary branching Brownian 
motion. 

It is shown, on the survival set, that in the attractive case the 
mass normalized interacting measure- valued process converges almost 
surely to the stationary distribution of the Ornstein-Uhlenbeck pro- 
cess, centered at the limiting value of its center of mass. In the same 
setting, it is proven that the normalized super Ornstein-Uhlenbeck 
process converges a.s. to a Gaussian random variable, which strength- 
ens a theorem of Englander and Winter [Ann. Inst. Henri Poincare 
Probab. Stat. 42 (2006) 171-185] in this particular case. In the re- 
pelling setting, we show that the center of mass converges a.s., pro- 
vided the repulsion is not too strong and then give a conjecture. This 
contrasts with the center of mass of an ordinary super Ornstein- 
Uhlenbeck process with repulsion, which is shown to diverge a.s. 

A version of a result of Tribe [Ann. Probab. 20 (1992) 286-311] is 
proven on the extinction set; that is, as it approaches the extinction 
time, the normalized process in both the attractive and repelling cases 
converges to a random point a.s. 

1. Introduction and main results. The existence and uniqueness of a self- 
interacting measure-valued diffusion that is either attracted to or repelled 
from its centre of mass is shown below. It is natural to consider a super 
Ornstein-Uhlenbeck (SOU) process with attractor (repeller) given by the 
centre of mass of the process as it is the simplest diffusion of this sort. 
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This type of model first appeared in a recent paper of Englander [1] 
where a d-dimensional binary Brownian motion, with each parent giving 
birth to exactly two offspring and branching occurring at integral times, 
is used to construct a binary branching Ornstein-Uhlenbeck process where 
each particle is attracted (repelled) by the center of mass (COM). This 
is done by solving the appropriate SDE along each branch of the particle 
system and then stitching these solutions together. 

This model can be generalized such that the underlying process is a 
branching Brownian motion (BBM), T (i.e., with a general offspring dis- 
tribution). We might then solve an SDE on each branch of T: 



for n — 1 <t <n, where Bf labels the iih particle of T alive from time n — 1 
to n, p(i) is the parent of i and 



is the center of mass. Here, r n is the population of particles alive from time 
n—1 to n. This constructs a branching OU system with attraction to the 
COM when 7 > and repulsion when 7 < 0. 

It seems reasonable then, to take a scaling limit of branching particle 
systems of this form and expect it to converge in distribution to a measure- 
valued process where the representative particles behave like an OU process 
attracting to (repelling from) the COM of the process. Though viable, this 
approach will be avoided in lieu of a second method utilizing the histor- 
ical stochastic calculus of Perkins [9] which is more convenient for both 
constructing the SOU interacting with its COM and for proving various 
properties. The idea is to use a supercritical historical Brownian motion to 
construct the interactive SOU process by solving a certain stochastic equa- 
tion. This approach for constructing interacting measure-valued diffusions 
was pioneered in [8] and utilized in, for example, [6]. 

A supercritical historical Brownian motion, K, is a stochastic process 
taking values in the space of measures over the space of paths in W 1 . One can 
think of if as a supercritical superprocess which has a path- valued Brownian 
motion as the underlying process. That is, if Bt is a d-dimensional Brownian 
motion, then Bt = B.^t is the underlying process of K. More information 
about K is provided in Section 2. 

It can be shown that if a path y : [0, 00) — > M. d is chosen according to Kt 
(loosely speaking — this is made rigorous below in Definition 2.1), then y(s) 
is a Brownian motion stopped at t. Projecting down gives 



(1.1) 






which is a (supercritical) super Brownian motion. 
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A key advantage to projecting down and constructing measure- valued pro- 
cesses is that it is possible to use the historical stochastic calculus to couple 
different projections together (and hence couple measure- valued diffusions). 

One can sensibly define the Ornstein-Uhlenbeck SDE driven by y accord- 
ing to Kt as the solution of a stochastic equation. 

Definition 1.1. Let Z :R d — >R d be Borel measurable. We say that 
(X, Z) is a solution to the strong equation (SE)^ Q K if the pair satisfies 

(a) Z t (y) = Z (y ) + y t - y - 7/ Z s (y)ds, K-a.e., 

((SE)k*) , 

(b) X t (A) = / l(Z t e A)K t {dy) WL e Vt > 0, 

where X and Z are appropriately adapted. We will henceforth call the 
projection X the ordinary super Ornstein-Uhlenbeck process. 

If 7 > 0, Zt is attracted to the origin, and if 7 < it is repelled. The 
approximate meaning of K-a.e. in (a) is that the statement holds for Kt- 
a.a. y, for all Kt, P-a.s. The exact definition is given in the next section. 
The projection Xt is a SOU process with attraction to (repulsion from) the 
origin at rate 7. Intuitively, K tracks the underlying branching structure 
and Zt is a function transforming a typical Brownian path into a typical 
Ornstein-Uhlenbeck path. 

Note that in the definitions of (SE)^ K and (SE)y Q K given below, part 
(b) is unnecessary to solve the equations. It has been included to provide an 
easy comparison to the strong equation of Chapter V.l of [9]. 

For all the results mentioned in the remainder of this work, the standing 
assumption (unless indicated otherwise) will be that 

(1.2) J ldK < 00. 

Theorem 1.2. There is a pathwise unique solution (X,Z) to (SE)^ Z ^ K . 
That is, X is unique F-a.s. and Z K-a.e. unique. Furthermore, the map 
t—¥ Xt is continuous and X is a f3 -super-critical super Ornstein-Uhlenbeck 
process. 

Similar to the above, we establish a function of the path y that is a path 
of an OU process with attraction (repulsion) to the COM and project down. 

Definition 1.3. Let Yq :R d -t R d be Borel measurable. Define (X',Y) 
as the solution of 

(a) Y t (y) = Y (y ) + yt - Vo + 1 [ Y s - Y s {y) ds, K-a.e. 

Jo 
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(b) X' t (A) = / l{Y t G A)K t (dy) G £(R d ) Vt > 0, 

where the COM is 

fxX' s (dx) 

We will call the projection X' the super Ornstein-Uhlenbeck process with at- 
traction (repulsion) to its COM, or the interacting super Ornstein-Uhlenbeck 
process. 

Note that by our definitions of X and X' as solutions to (SE)y Q K ,i = l,2, 
respectively, that (1.2) is the same as saying that j ldXo,j ldX' < oo, as 
these quantities equal that in (1.2). 

Theorem 1.4. There is a pathwise unique solution to (SE)y K - 

One could prove this theorem using a combination of the proof of The- 
orem 1.2 and a localization argument. We find it more profitable however, 
to employ a correspondence with the ordinary SOU process X. This corre- 
spondence plays a central role in the analysis of X' , and indeed reveals a 
very interesting structure: We have that for any 7, 

(1.3) J <P{x)dX' t {x) = J^( x + r rJ o Z s ds^dX t (x), 

where Z is the COM of X, defined as Z s = jf^^y- The correspondence 

essentially says that the SOU process with attraction (repulsion) to its COM 
is the same as the ordinary SOU process being dynamically pushed by its 
COM. From this equation, a relation between Y and Z can be established: 

Y t = Z t + 1 [ Z s ds. 



Jo 

Define X t = x t (i) anc ^ ^-t = x'(i) ' ^ s ^ e S oa ^ °f this work is to prove that 
X[ has interesting limiting behavior as t approaches infinity, (1.3) yields a 
method of approach: show first that the time integral in (1.3) converges in 
some sense and establish limiting behavior for X. One then hopes to combine 
these two facts with (1.3) to get the desired result. 

Let S be the event that Kt survives indefinitely. Note that this implies 
that on S, both X and X' survive indefinitely by their definitions as solutions 
of the equations above. Let n be the time at which Kt goes extinct. 

The next two theorems settle the question of what happens on the ex- 
tinction set S c . 
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Theorem 1.5. On S c , Y t and Z t converge as t\ n < oo, F-a.s., for any 
7 G R. 

Theorem 1.6. On the extinction set, S°, 

Xt 5f and X' t —> 5f> 
as t \ n < oo a.s., where F and F' are W d -valued random variables such that 

F' = F + 1 I Z s ds. 
Jo 

This last theorem is an analogue of the result of Tribe [14] for ordinary 
critical superprocesses. Note that here it does not matter whether there is 
attraction or repulsion from the COM. 

The following three theorems for the attractive case (7 > 0) form the main 
results of this work. 

Theorem 1.7. On S the following hold: 

(a) 7/7 >0 

poo 

Zt —4 and Yt —4 7 / Z s ds, 

Jo 

and this integral is finite almost surely. 

(b) If 7 = 0, then Zt = Yt and this quantity converges almost surely. 

This says that the COMs of ordinary and interacting SOU process con- 
verge and is the result that allows us to fruitfully use the correspondence of 
(1.3) to show convergence of the interacting SOU process. 

The next theorem shows that the mass normalized SOU process converges 
almost surely, which is a new result among superprocesses. Englander and 
Winter in [3] have shown that this process converges in probability, and 
before them, Englander and Turaev in [2] shown convergence in distribution. 

One expects a result of this sort to hold since in the particle picture con- 
ditional on survival, at large time horizons, there are a very large number of 
particles that move as independent OU processes, each of which are located 
in the vicinity of the origin. Thus, we expect that in the limit the mass will 
be distributed according to the limiting distribution of an OU process. 

Theorem 1.8. Suppose 7 > 0. Then on S, 

where Pt is the semigroup of an Ornstein-Uhlenbeck process with attraction 
to at rate 7, and d is the Vasserstein metric on the space of finite measures 
on M. d (see Definition 2.6). 
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Remark 1.9. It is possible to show that Theorem 1.8 holds for a more 
general class of superprocesses. If the underlying process has an exponential 
rate of convergence to a stationary distribution, then the above theorem 
goes through. One can appeal to, for example, Theorem 4.2 of Tweedie and 
Roberts [12] for a class of such continuous time processes. 

Using the correspondence of (1.3), one can then show that the mass nor- 
malized interacting SOU process with attraction converges to a Gaussian 
distribution, centered at the limiting value of the COM, Y^. 

Theorem 1.10. Suppose 7 > 0. Then on S, 
(1.4) d(X' t ,Pt)^0, 

where is the OU- semigroup at infinity, with the origin shifted to Y^. 

When there is repulsion, matters become more difficult on the survival 
set. It is no longer clear whether there exists a limiting random measure, or 
what the correct normalizing factor is. We can show however that in some 
cases the COM of the interacting SOU process still converges. That there 
should be a limiting measure comes from the fact that the ordinary repelling 
SOU process has been shown to converge in probability by Englander and 
Winter in [3] to a multiple of Lebesgue measure. One may expect something 
similar to hold for the interacting SOU process, given (1.3). Unfortunately, 
the correspondence is rendered ineffectual in this case by part (b) of the 
following theorem. 

Theorem 1.11. The following hold on S if > 7 > — f : 

(a) The process, Yt converges almost surely. 

(b) However, Z% diverges exponentially fast. That is, there is a random 
variable L, such that 

F(e^Z t ^ L,L^0\S) = 1. 

This reveals an interesting byplay between X and X' in the repelling case. 
That is, if one fixes a compact set A C M. d , then for the ordinary SOU process, 
Xt, A is exponentially distant from the COM of the process. However, the 
COM of X' will possibly lie in the vicinity of A for all time. Therefore, one 
might expect that A is charged by a different amount of mass by X' t than 
Xt, and thus we might need to renormalize X[ differently to get a valid limit. 
It is also possible that the limit for each case is different (and not simply 
connected by a random translation). 

The proofs for these theorems and more are contained in the following sec- 
tions. In Section 2, we give some background information for the historical 
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process K and some rigorous definitions. In Section 3, we prove Theorems 1.2 
and 1.4 and state some important preliminary results regarding the nature 
of the support of a supercritical historical Brownian motion. These are con- 
sequently used to get moment bounds on the center of mass processes Yj and 
Zt. We also derive a martingale problem for X and X' . In Section 4, we give 
the proofs of the convergence theorems mentioned above and in the final 
section give the proofs of technical results that are crucial to prove these. 



2. Definitions and background material. 



Notation. We collect some terms below: 



E,E' 
C C (E,E') 
C b (E,E') 
(E,E) 

be 

M F (E) 
Kf) = Jfd» 

M/) = (M/iV- ■>/*(/«)) 

11/11 =sup JS £|/ i (x)| 
C = C(R+,R d ) 

e 

y* = y-At 

C t = {y t :y€C} 

e t = a(y s ,s<t,yeC) 



Metric spaces 

Compact, cont. functions from E to E' 

Bounded, cont. functions from E to E' 

Arbitrary measure space over E 

Bounded, £-mble. real-valued functions 

Space of finite measures on E 

where / : E — > R and [i a measure on E 

if / = (/i,. ..,/„), fi'.E^R 

p 6 R d , denotes Euclidean norm of p 

if / = (/!,...,/„), fi-.E^R 

Space of continuous paths in R d 

The Borel cr-field of C 

The path y stopped at t 

Set of all paths stopped at t 

Natural filtration associated with C 



We take K to be a supercritical historical Brownian motion. Specifically, 
let K be a (A/2,/3, l)-historical superprocess (here A is the (i-dimensional 
Laplacian), where /3 > constant, on the probability space (£1,3", (3 r t)i>o,IP). 
Here (3 corresponds to the branching bias in the offspring distribution, and 
the 1 to the variance of the offspring distribution. A martingale problem 
characterizing K is given below. For a more thorough explanation of histor- 
ical Brownian motion than found here, see Section V.2 of [9]. 

It turns out that K t is supported on C* C C a.s. and typically, K t puts 
mass on those paths that are "Brownian" (until time t and fixed there- 
after). As K takes values in Mp(C), Kt(-) will denote integration over the 
y variable. 

Let Bt = B(- A t) be the path-valued process associated with B, taking 
values in C*. Then for <fi G 6C, if s < t let P s ,t4>(y) = E s > y (<p(B t )), where the 
right-hand side denotes expectation at time t given that until time s, B 
follows the path y. 
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The weak generator, A, of B is as follows. If c/>:IR + x C — > R we say 
(f) £ 2)(^4) if and only if <^ is bounded, continuous and (Sf)-predictable, and 
for some A s cj)(y) with the same properties as </>, 

<j)(t,B)-(j){s,B)- f A r <j>(B)dr, t>s, 

J s 

is a (Ci)-martingale under P s „ for all s > 0, y £ C s . 

If m € Mi?(]R Q! ), we will say X satisfies the historical martingale prob- 
lem, (HMP) m , if and only if Kq = m a.s. and V</> S T)(A), 

ft 



MtM^KtW-Koifo)- / K s (A s <t>)ds-p 

Jo 

((HMP) m ) is a continuous (3~t )-martingale 



with (M((f)))t = [ K s (4> 2 a ) ds Vt > 0, a.s. 



Using the martingale problem (HMP) m , one can construct an orthogonal 
martingale measure Mt (•) with the method of Walsh [15]. Denote by 7, the 
a-field of (^^-predictable sets in 1 + x Q. If ip : R + x n x C -> R is IP x 6- 
measurable and 

(2.1) / iT s (^)ds<oo Vt>0, 



then there exists a continuous local martingale Mt{ip) with quadratic varia- 
tion (M(tp))t = f K s (ipg) ds. If the expectation of the term in (2.1) is finite, 
then Mt(ip) is an L 2 -martingale. 

Definition 2.1. Let (A, 3", 3~ t ) = (0 x C, J x C, 3"t x Q t ). Let 3" t * denote 
the universal completion of 3~<. If T is a bounded (3~i)-stopping time, then 
the normalized Campbell measure associated with T is the measure Ft on 
(f2,3\) given by 

p T( ^ X i?)= r(1 ^ (B)) forA e? , Be e, 

m T (l) 

where mr(l) =P(Kt(1))- We denote sample points in Cl by (co,y). There- 
fore, under Ft, oj has law Kt(1)(IF ■ m^ 1 (l) and conditional on oj, y has 
law K T (-)/K T (l). 

Definition 2.2. For two (3|) -measurable processes Z 1 and Z 2 , we will 
say that Z 1 = Z 2 ,K-a.e. if 

Z 1 (s,u,y) = Z 2 (s,u>,y) Vs < t, JQ-a.a. y 

for all fixed times £ > 0. 
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Definition 2.3. We say that (X, Z) is a solution to the strong equation 
(SE) Z K if both (a) and (b) of that equation are satisfied and where Z± is 

an (3| )-predictable process and X t is an (3~ t ) -predictable process. 

We say (X',Y) is the solution to the stochastic equation (SE)y Q K if it 

satisfies (a) and (b) of that equation and where Y t is an (3|) -predictable 
process, X[ is an (3~ t ) -predictable process. 

Unless stated otherwise, (X,Z) will refer to a solution of (SE)^ K and 
(X',Y) to the solution of (SE)y 0>jRr . 

Definition 2.4. For an arbitrary ^-adapted, Revalued process z t , 
define the centre of mass (COM), zt, with respect to K± as follows: 

_ _ K t (zt) 

We also let 

- K t (Z t e-) ~ , x>{.) K t (Y t e-) 

Xti) =m)-^ir^ x ^ )= xm-^w and 

Note that as K is supercritical, iff survives indefinitely on a set of positive 
probability S, and goes extinct on the set of positive probability S c . Hence, 
we can only make sense of zt for t <rj where rj is the extinction time. 

Definition 2.5. Let the process M t be defined for t G [0, £) where C < oo 
possibly random. M is called a local martingale on its lifetime if there exist 
stopping times Tjy t C such that Mt n a- 1S a martingale for all N. The interval 
[0,C) is called the lifetime of M. 

The following definition introduces a metric on the space of finite mea- 
sures, which is equivalent to the metric of convergence in distribution on the 
space of probability measures. 

Definition 2.6. Let d denote the Vasserstein metric on the space of 
finite measures on M. d . That is, for /j,, v finite measures, 



d(n,v)= sup f cj)(x) d(/i — v){x), 



where Li Pl = {y> G C{R d ) : Vx,y, \^{x) - ip(y)\ < |a;-y|,||VII < !}• 



10 



H. GILL 



3. Proofs of existence and preliminary results. 

PROOF of Theorem 1.2. Although closely related, this does not fol- 
low automatically from Theorem 4.10 of Perkins [8] where it is shown that 
equations like (SE) 2 [but with more general, interactive, drift and diffusion 
terms in (a)] have solutions if K is a critical historical Brownian motion. 

Note that Kt = e~^ t Kt defines a (A/2, 0, e~^*)-Historical superprocess. 
Let be the Campbell measure associated with K (note that if T is taken 
to be a random stopping time, this measure differs from IV). The proof of 

Theorem V.4.1 of [9] with minor modifications shows that (SE) 1 o has a 

z ,k 

pathwise unique solution. This is because (K3) of Theorem 2.6 of [8] shows 
that under P^, yt is a Brownian motion stopped at time T and Proposi- 
tion 2.7 of the same memoir can be used to replace Proposition 2.4 and 
Remark 2.5(c) of [9] for the setting where the branching variance depends 
on time. 

o 

Once this is established, it is simple to deduce that if (X, Z) is the solution 

of (SE) 1 o , and we let 

Zq,K 

X t {-) = e^X t (-) = J l(Z t e -)K t (dy) 

then (X,Z) is the pathwise unique solution of (SE)^ o K . The only thing to 
check this is that Z t (ui, y) = Zq(cj, yo) + yt — yo — 7 Jq Z s (oj, y) ds K-a.e., but 

o 

this follows from the fact that Kt <C Kt, Vt. 

It can be shown by using by Theorem 2.14 of [8] that X satisfies the 
following martingale problem: For (f> G C 2 (K d ), 

M t (</>) = X t (0) - X (<f>) + J* Jjx- V0(x) - ^{x)X s (dx) ds-p£ X s {4>) ds 

is a martingale where (M(0))t = f£ X s ((j) 2 ) ds. Then by Theorem II. 5.1 of [9] 
this implies that X is a version of a SOU process, with initial distribution 
given by K (Z^{-)). □ 

Remark 3.1. (a) Under the Lipschitz assumptions of Section V.l of [9], 
one can in fact uniquely solve (SE)^ Q K where K is a supercritical historical 
Brownian motion. The proof above can be extended with minor modifica- 
tions. 

(b) The proof of Theorem 1.2 essentially shows that under IV, T fixed, 
the path process y : M + x Cl — > W d such that (t, (co, y)) \-¥ yt is a d-dimensional 
Brownian motion stopped at T. 
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(c) Under Pt, T fixed, Zt can be written explicitly as a function of the 
driving path: For t <T, 



(3.1) 



e^Z t = Z + f e 7S dZ s + f Z s (je^) ds 
Jo Jo 

= Z + f e^ s dy s + f e^ s {- 1 Z s )ds+ f Z s (^ s )ds, 
Jo Jo Jo 



where we have used a differential form of (SE)^ Q ^-(a) for the second equality. 
Hence, 



(3.2) Z t (y) = e^ t Z + [ e 

Jo 



t 

■y{t-s) 



dy s - 



Next, we show that there exists a unique solution to (SE)y Q K . 

Proof of Theorem 1.4. Suppose there exists a solution Y satisfy- 
ing (SE)y Q K . Then under Ft, Y% can be written as a function of the driving 
path y and Y . Using integration by parts gives 



,-y% = Yo+ f e< s dY s + [\e^Y s ds 
Jo Jo 

= Y + f e^ s dy s + [\e^ s Y s ds 
Jo Jo 



and hence 



(3.3) F t = e -7*F + f e^ s ~ t Uy s + I ^ s ^Y s ds. 

Jo Jo 

If (X, Z) is the solution to (SE)^ Q K where Zq = Yq, then note that by Re- 
mark 3.1(c), 

Y t = Z t + [%e^ s -^Y s ds. 
Jo 

By taking the normalized measure Kt on both sides of the above equation, 
we get 

(3.4) Y t = Z t + 1 f e-^- s ^Y s ds. 

Jo 

Hence, Y is seen to satisfy a Volterra Integral Equation of the second kind 
(see equation (2.2.1) of [11]) and therefore can be solved pathwise to give 

Y = Z t + j / Z s ds, 
Jo 
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which is easily verified using integration by parts. Also, if is a second 
process which solves (3.4), then 



I e-^- s \Y s -Y})ds 
Jo 



< H / e-^^Ys-Y^ds. 



\Yt-n 



171 

By Gronwall's inequality, this implies Yt = Yf, for all t and to. Pathwise 
uniqueness of X' follows from the uniqueness of the solution to (SE)^ Q K 
and the uniqueness of the process Yj solving (3.4). 

We have shown that if there exists a solution to (SE)y Q K , then it is 
necessarily pathwise unique. Turning now to existence to complete the proof, 
we work in the opposite order and define Y and X' as functions of the 
pathwise unique solution to (SE)^ K where Zq = Yq: 

Y t = Z t + j Z s ds, 



Jo 

X' t (.)=K t (Y t €-). 
Then Yt satisfies the integral equation (3.4), and hence 

f Z s ds= [ e-^ {t - s) Y s ds. 
Jo Jo 

Therefore 

Y t = Z t + 1 fe-^-^Ysds 
Jo 

= e-T*y + f e-^ t ~ s Uy s + 1 f e^^ds, 
Jo Jo 

by equation (3.2), and so 

e^Y t = Y + f ' ef s dy s + 1 f e^ s Y s ds. 
Jo Jo 

Multiplying by e~ 7 * and using integration by parts shows 

Y t = Y + y t -y + 7 f{Y s -Y s )ds 
Jo 



which holds for K-a.e. y, thereby showing (X',Y) satisfies (SE) y K . □ 
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Remark 3.2. Some useful equivalences in the above proof are collected 
below. If Yq = Zo, then for t<r), 

(a) Y t = Z t + 1 I Z s ds, 

Jo 

(b) Yt = Z t + i J' Z s ds, 

(c) Y t -Y t = Z t - Z t , 
r-t ft 



o 



(d) f e~^ t ~ s) Y s ds= [ Z s ds. 
Jo Jo 



These equations intimately tie the behaviour of the interacting and ordi- 
nary SOU processes. Part (a) says that the interacting SOU process with 
attraction to the center of mass is the same as the ordinary SOU process 
pushed by the position of its center of mass. 

We now consider the martingale problem for X'. For (j) : M. d — > R, recall 
that 4> t = K t {(f)iYt)) / K t {l) and that the lifetime of the process 4> is [0,??). 
Then the following theorem holds: 

Theorem 3.3. For <j> e C b 2 (R d ,R), and t < rj, 

4>t = 4>o + N t + / b s ds, 
Jo 

where 

b s = 7 V0(y s ) • (Y s - Y s ) + \^{Y S ) 
and Nt is a continuous local martingale on its lifetime such that 

Nt= J J-K^r dM{s > y) 

and hence has quadratic variation given by 

[N]t= l^r ds - 

Similarly, the following is true. 



Remark 3.4. The method of Theorem 3.3 can be used to show that for 



the /3-supercritical SOU process, X, for <p G C?(R d ,R) and t < rj, 



X t (<t>) = Kt(HZt)) = Ko(HZo)) +N t + f K s {L(t>{Z s )) ds, 

Jo 
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L(j)(x) = -7s • V<f)(x) + \A<f){x) 
and Nt is a continuous local martingale on its lifetime such that 

r </>(z a ) - k a ((f>(z a )) 







KJl) 



dM(s,y) 



and hence has quadratic variation given by 



[N]i 







Ksd) 



ds. 



Proof of Theorem 3.3. The proof is not very difficult; one need only 
use Ito's lemma followed by some slight modifications of theorems in Chapter 
V of [9] to deal with the drift introduced in the historical martingale problem 
due to the supercritical branching. 

Let T be a fixed time and t <T. Recall that under Ft, y is a stopped 
Brownian motion by Remark 3.1(b), and hence lt(y) is a stopped OU process 
(attracting to Yt). Therefore, under P^: 

0(Y t ) = ^(Yo)+ f\<t>{Y s )-dY s + )- V t <pij{Y s )d\Y\Y^] s 
Jo ij<d Jo 

= <f>(Y ) + [\<f>(Y s ) ■ dy s + !\v(f>{Y s ) ■ (Y s - Y s ) + ±-A</>(Y 8 )ds 
Jo Jo 1 

by the classical Ito's lemma. Then 

K t {4>{Y t )) = K t (cb(Y )) + K t (J* X70(Y S ) • dy s ^j + K t (J* b s ds 

= K (</>(Y )) + f [ cj>(Y )dM(s,y)+p I K s {(j>{Y ))ds 



+ 



+ P / K 



V<f>(Y r ) ■ dy r 



dM(s,y) 



V<j>(Y r ) ■ dy r 



ds 



+ f [ b s dM(s,y) + P [ K s (b s )ds+ [ K s (b s )ds 
Jo J Jo Jo 



K (<f>(Y ))+ / / <P(Y s )dM(s,y) 



f ' K s (<j>{Y s )) 
Jo 



ds+ K, 



ds. 
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The equality in the third line to Ktifr, V^(Y^) • dy s ) follows from Proposi- 
tion 2.13 of [8]. The equality of the fourth line to the last term in the first 
line follows from a generalization of Proposition V.2.4 (b) of [9]. The last 
equality then follows by collecting like terms and using the definition of Y. 
Note that Kt(l) is Feller's /3-supercritical branching diffusion and hence 



K t (l) = K (l) + M° + (3 f K s {l)ds 

Jo 



where M t ° is a martingale such that [M°]( = K s (l)ds. 

Therefore for t <r/, Ito's formula and properties of Kt(l) and Kt{(j)(Yt)) 
imply that 

- _ K t {4>{Y t )) 



Kt{l) 



+ 



[ \m_ _ K s(mm dM(s , p km 
J [k s (i) K.(iy \ dM ^y)+j Ks{1) ds - 



Since eft is bounded, the stochastic integral term can be localized using the 
stopping times T/v = min{t : Kt(l) > N or Kt(l) < 1/N} A N and hence it is 
a local martingale on [0,r]). It is easy to check that it has the appropriate 
quadratic variation. □ 

The following lemmas will be used extensively in Section 4, but will be 
proven in Section 5. 

Lemma 3.5. There is a nonnegative random variable W such that 

e- pt K t {l)^W a.s. 
and {r/ < oo} = {W = 0} almost surely. 

Note that as X and X' are defined as projections of K, their mass pro- 
cesses are the same as that of K, and thus grow at the same rate. 

Definition 3.6. Let 

h{5) = {5\n+{l/5)) l/ \ 
where ln + (x) = lnx V 1. Let 

S(8, c) = {y: \yt — y s \ < ch(\t — s\), Vi, s with \t — s\ < 5}. 

Lemma 3.7. Let K be a supercritical historical Brownian motion, with 
drift f3, branching variance 1, and initial measure Xq. For cq > 6 fixed, c(t) = 
y/t + CQ, there exists a.s. 5(cj) > such that Supp(-Kj(w)) C S(5(uj),c(t)) for 
all t. Further, given cq, F(5 < A) < p Co W where p Co W 4 as A \, and for 
any a > 0, cq can be chosen large enough so that p C0 W = C(d,co)X a for 
AG [0,1]. 
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The following moment estimates are useful in establishing the convergence 
of Yf Recall that r\ is the extinction time of K. 

Lemma 3.8. Assume W{K (\Yq\ 2 + 1 2/0 1 2 ) ) < 00. Then, 



P(|y 4 | 2 ;t<r / )<yl( 7 ,t), 

where 

0(l + t 6 e- 2 T*), i/7<0, 
0(l + t 5 ), i/ 7 >0. 



Remark 3.9. (a) The proof of Lemma 3.8, under the same hypotheses 
(if Z = Y Q ) yields 



F(\Z t \ 2 ;t<r))<A( 7 ,t). 

(b) Lemma 3.8 and its proof can be extended to show that for any positive 
integer k if P(Ko(|^o| fc + 1 2/0 1 fc ) ) < 00 (and Zq = Yq), then there exists a 
function #(7, t, k) polynomial in t if 7 > 0, exponential if 7 < such that 



F(\Y t \ k ;t <rj) <B(-y,t,k) and P(\Z t \ k ;t <rj)< B(>y,t,k). 

4. Proofs of convergence. We will henceforth, unless specified otherwise, 
assume that for a path y G C, Zo(yo) = Yb(?/o) = Do- Recall that, by the 
construction of solutions to (SE)*, 

4>( M )K G (dy) = I ^x)X (dx) = [ <j>{x)X' {dx). 



Also recall that our standing hypothesis is that Kq has finite initial mass 
[and hence X' (l) = X Q (1) < 00]. 

In this section, we will first settle what happens to X and X' when there 
is extinction, and then the case when there is survival, under the attrac- 
tive regime and lastly address the interacting repelling SOU process on the 
survival set. 



4.1. On the extinction set. 



Proof of Theorem 1.5. Assume for now that P(K (\y \ 2 )) < 00 (the 
case where Kq = can be ignored without loss of generality). By Theo- 
rem 3.3, 

9t=%+ fJ Y im iM(s ' v) 

and therefore is a local martingale on its lifetime with reducing sequence 
{T/v} as defined in the proof of the same theorem. Using Doob's weak in- 



SOU INTERACTING WITH ITS COM 



17 



equality and Lemma 3.8, 



sup \Y S \ > n) = lim PI sup |Y^| > n 

s<tAr) ' N->oo \ s<t AT N 



n 2 



By the first Borel-Cantelli lemma, 



It follows that 



sup \Y t \ > n i.o. ) = 0. 

s<t/\r] 



liminf Y s > — oo and lim sup Y s < oo 

s^tAv s->tAri 



which implies that on the set {rj < t}, Y s converges, by Theorem IV. 34. 12 of 
Rogers and Williams [13]. This shows convergence on the extinction set as 

s c = U t {v<t}- 

Note that if u(-)=F(K Q € •)• Theorem II.8.3 of [9] gives 



P(K€-) = J P Ko (Ke-)du(Ko) } 



where Pk is the law of a historical Brownian motion with initial distribution 
5k - Hence, the a.s. convergence of Yt in the case where Kq(\uo\ 2 ) is finite 
in mean imply 

P (lim Ft exists; 5 C ) = J ¥ Ko (limY t exists; 5 C ) dv(K Q ) 
(4.1) = [F Ko (S c )du(K ) 



if Ko(\yo\ 2 + 1) < oo, v-&.s. 

Finally, to get rid of the assumption that Kq(\i/q\ 2 ) < oo note that Corol- 
lary 3.4 of [8] ensures that if Kq(1) < oo, then at any time t > 0, K% (and 
hence X t ,X' t ) is compactly supported. Therefore, letting S r = {K r / 0} we 
see that 

P^limFj does not exist, sA = P( (J himY t does not exist, S 1/r , S°\) 



< 2^F(F Kl/r (limY t does not exist, 5 C J l Sl/r 
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by (4.1) since Ki/ r a.s. compact implies that Ki/ r (\yi/ r \ 2 ) < oo holds. This 
completes the proof for the convergence of Y on S c in its full generality. 

The convergence of Z-t now follows from the convergence of Yt and equa- 
tion (3.4). □ 

Proof of Theorem 1.6. As in the previous proof, note that we need 
only consider the case that P(-Ko(|yo| 2 )) < oo. 

We will follow the proof of Theorem 1 of Tribe [14] here. Define 

m= tm^ t< "' 

It is known by the work of Konno and Shiga [7] in the case where f3 = 
0, that £: [0, 77) — > [0,oo) homeomorphically (recall that i] < 00 a.s. in that 
case) . This latter result also holds when (3 > on the extinction set S c by a 
Girsanov argument. 

Define D : [0, Civ~)) ~^ [0> r ?) as the unique inverse of ( (on S c , this defines 
the inverse on [0, 00)) and for t > C(v~ )> let Dt = 00. Let 

Y D 



*° = xj(i) and % = Jut 



and define 



Let 



Lt<t>{x) = j{Y t - x) ■ V<j){x) + i A^(x). 



/•vn 1 

TN = Jo K^)^ 

where t]n = inf{s : K s {\) < l/N}. Then note that T/v t C( 7 / - ) an d each Tjv 
is a St-stopping time. On S c for <f> G C?, Theorem 3.3 implies 



D tf\T N „ 



XtkT N {4>) = X ^) + J K{Ls^)ds + M Dt , TN {4>) 

ftAT N 

(4.2) =X O (0)+ X°(L Ds <p)X°{l)ds + N thTN {<p) 

Jo 

»tAT N 



X (<P)+ X" (L Ds c/>) ds + N tATN (4>) 







since dDt = X^(l)dt and where Nt = Mu t . It follows that Nt/\T N is a 9t- 
local martingale. Then, by Theorem 3.3, 

[* fc=/ fl ^ * 



/ X?{<?) -X? (</>)* ds, 

JO 
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which is uniformly bounded in N. Hence, sending N — > oo, one sees that 
NtAC(n-) 1S a St-martingale. 

Note that on S c , C(v~) = 00 an d hence on that event, 



00 



\j(Y Da - x) ■ Vcf>(x)\ + \\^(x)\Xf{dx) ds 
< I \ 7 \\\VnK Ds (\YD s -Y D3 \) + \\\A^\\X^l)ds 
™X?(l)L\\\VnK D M Ds -Y D J) + ±\\A<p\\y s 



< 



jf 00 jrf(i)(|7|||v^||(|y D .p) 1 / a + i||A^cfa 1 



where in the second line we have used the definition of X' and the Cauchy- 
Schwarz inequality in the fourth. Using the definition of D s yields 

00 / 1 \ />oo 

X?(\L D J\)ds< |7|||V^||sup(|nP) 1 /2 + \ m \\ / X D (1)ds 
\ s<r) * J Jo 

(4.3) =f| 7 |||V0||sup(^F) 1 /2 + h\A^\\) V 

< OO 

as (j) £ C? and \Y S | 2 is continuous on [0,rj) (which follows from Theorem 3.3). 
Hence, this implies that for (j) positive, on S° 

/•oo 

N t {ct>)>-X {4>)- X?(\L D J\)ds 
Jo 

for all t and hence by Corollary IV. 34. 13 of [13], Nt converges as t — > 00. 
Therefore by (4.2) and (4.3), X^cf) converges a.s. as well. 

Denote by X^((j)) the limit of Xf* ((/)). It is immediately evident that 
^-oo(') i s a probability measure on M d . To show that X®(-) = Sp> where 
F' is a random point in we now defer to the proof of Theorem 1 in 
Tribe [14], as it is identical from this point forward. 

Similar (but simpler) reasoning holds to show Xf — > 5f a.s. on S c where 
F is a random point in W 1 . Let f(t) = 7 J* Z s ds. Note that / is independent 
of y and that f(t) — >■ f(rj) a.s. when t rj because Yf = Zf + f(t) and both Yf 
and Zf converge a.s. by Theorem 1.5. Then for </> bounded and Lipschitz, 



(x - f(t))X' t (dx) - U{x- f(r,))X' t (dx 



< C\f( V )-f(t)\ 
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as it 7 ?- Therefore it is enough to note that since /(r/) depends only on u), 
the convergence of X[ gives 



f </>(x-f(T } ))Xi(dx)^<KF'-f(Ti)) 
and hence 

f <j>( X -f(t))Xl(dx)^cl>(F'-f( V )). 

By Remark 3.2(a), 

4>{x-f{t))X' t (dx) = J<j>(Y t (y)-f(t))K t (dy) 

4(Z t (y))K t (dy) 

<t>{x)X t (dx) 



!■ 



as 1 1 rj. Since there exists a countable separating set of bounded Lipschitz 
functions {4> n }, and the above holds for each cp n , 



F' = F + 7 / Z s ds a.s. 
Jo 



□ 



Remark 4.1. (a) Theorem 1.6 holds in the critical branching case. That 
is, if P = 0, 

X t 5f and X' t 5^/, 

where 

F' = F+ / Z s ds. 



L 



The convergence of the critical ordinary SOU process to a random point 
follows directly from Tribe's result. That this holds for the SOU process 
with attraction to the COM follows from the calculations above. 

(b) The distribution of the random point F has been identified in Tribe [14] 
by approximating with branching particle systems. In fact, the law of F can 
be identified as x v , where xt is an Ornstein-Uhlenbeck process with initial 
distribution given by Xq and r\ is the extinction time. Finding the distribu- 
tion of F' remains an open problem however. 



SOU INTERACTING WITH ITS COM 



21 



4.2. On the survival set, the attractive case. 



PROOF OF Theorem 1.7. Let 7 > and as in the proof of Theorem 1.5, 
assume P(-Ko(|yo| 2 )) < 00. Also, without loss of generality, assume that d = 1 
for this proof. 

By Theorem 3.3, Yt is a continuous local martingale with decomposition 
given by Yt = Yq + Mt(Y) where 



K s (l) J K S {1 

with V(Y S ) = Yf - Y s 2 . Theorem IV.34.12 of [13] shows that on the set 
{[M(y)]oo < 00} n S, M t (Y) a.s. converges. 

Note that by Lemma 3.5, for a.e. oj € S, W(u) > 0, recalling that W = 
lim t - > ooe~ /3 *-K"t(l). Hence, it follows that [M(Y)]oo < 00 on S if 

POD 

/ e- ps V{Y s )ds< 00. 
J 

POD \ / POD \ 

J e-P s V(Y s )ds;S\ <f(J e~^ s Y s 2 ds;S) 



Then 



< / e- f,a A(-y,s)ds 
Jo 

< 00 



by Cauchy-Schwarz and Lemma 3.8 since 7 > 0. Therefore on S, Yt con- 
verges a.s. to some limit Y^. Note that if 7 = 0, Remark 3.2(b) gives Yt = Zt 
and so (b) holds. 

That Zt converges on S for 7 > follows from the fact that Yj converges 
and equation (3.4) by setting 

Z t = Y t - 1 I e'^-^Ysds 
Jo 

= % - Foo + 7 / e~ 7(< - s) (Yoo - Y s ) ds + e-^Yoo 
Jo 

— > as t — > 00. 

By Remark 3.2(b), we see that for 7 > since Yt = Zt + 7 f Z s ds, Zt ^> 
and Y t 7 / °° Z s ds. 

Now argue by conditioning as in the end of Theorem 1.5 to get the full 
result. □ 
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The next few results are necessary to establish the almost sure convergence 
of Xt on the survival set. This will in turn be used to show the almost sure 
convergence of X[ using the correspondence of Remark 3.2(a). 

Let Pt be the standard Ornstehr-Uhlenbeck semigroup (with attraction 
to the origin) . Note that Pt — > Poo in norm where 

r / \ d / 2 

PocHx) = J <!>(*)(-) e-^dz, 

which is independent of x. Recall that W = lim^oo e~^ t Xt(l) and S = {W > 
0} a.s. from Lemma 3.5. 

Lemma 4.2. I/7 > 0, F(X (\x\ 4 )) < oo and F(X (1) A ) < oo, then on S, 
for any <f> G Lip 1; e _/3 *X t (^>) WP^cj) and 

P(|e-#X t (0) - WP^ 2 ) < Ce<\ 

where C depends only on d and Xq, and £ is a positive constant dependent 
only on (3 and 7. 

Remark 4.3. As the I? convergence in Lemma 4.2 is exponentially fast, 
it follows from the Borel-Cantelli lemma and Chebyshev inequality that for 
a strictly increasing sequence {t n }^=o where \{t n } fl [k,k + 1)| = [e^ 2 J , for 
0eLip l5 

e -PtnX tn (0) _>. WPoorf* a.s. as n ->■ 00. 

The idea is to use the above remark to bootstrap up to almost sure con- 
vergence in Lemma 4.2 with some estimates on the modulus of continuity 
of the process e~^ t X t ((j)). 

Lemma 4.4. Suppose 7 > 0, F(X (\x\ 8 )) < 00 and P(X (1) 8 ) < 00. If 
(f> G Lip x and h > 0, then 

(4.4) F([e-W + Vx t+h (4) - e-^Xt^f) < C(t)h 2 e~^\ 

where Q* is a positive constant depending only on /? and 7 and C is polyno- 
mial in t, and depends on 7, /3 and d. 

Let : M. d — > IR, p:R + — > 'R be positive, continuous functions. Further, 
suppose \& is symmetric about and convex with lim^i^^ fy(x) = 00 and 
p(x) is increasing with p(0) = 0. The following is a very useful result of 
Garsia, Rodemich and Rumsey [5]. 
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Proposition 4.5. If f is a measurable function on [0,1] such that 

(4.5) 



'[o,i] 2 V Pdt-sl 
then there is a set K of measure such that if s,t € [0, 1] \ K then 



(4.6) 



If f is also continuous, then K is in fact the empty set. 

With this result in hand, we can now bring everything together to prove 
convergence of X%. 

Proof of Theorem 1.8. The strategy for this proof is simple: We use 
Remark 4.3 to see that we can lay down an increasingly (exponentially) dense 
sequence e~^ tn X tn ((/)) which converges almost surely, and that we can use 
Lemma 4.4 to get a modulus of continuity on the process e" -^X t {(/)), which 
then implies that if the sequence is converging, then the entire process must 
be converging. 

Assume that F(K (\y \ 8 )) =¥(X (\x\ 8 )) < oo and P(AT (1) 8 ) < oo and ar- 
gue as in Theorem 1.5 in the general case. Let (f> 6 Lip 1 . Denote e~@ t Xt 
by Xt for the remainder of the proof. Let T > 0, and let ^>(x) = \x\ and 
p(t) = |t| 3 / 4 (log( j)) 1 / 2 where A = e 4 . Let Bt(lo) be the constant B that ap- 
pears in Proposition 4.5, with aforementioned functions ^ and p, for the 

path X Tt (cj),te [0,1]. 



Then note that 



p(b t ) = : 



[o,i] 2 



P(\t~s\) 

° ° 4 

Xxt — Xts\ 



ds dt 



[0 ,i]2 \t-s\nog\X/\t-s\) 



dsdt 



< 



C(T{sAt))e-<^ sM ^T 2 \t-s\ 



2T< 



[0,1]2 
1 

JO 



! log'(A/|t- S |) 



■ ds dt 



C(Ts)e 



-C(Ts)\ 



-s\nog 2 (X/\t-s\) 

< 2C{T)T 2 I I 
Jo Jo 

C(T)T 2 



dsdt 



\t- s\\og 2 (X/\t- s\ 



■ ds dt 



2e 4 
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where C is the polynomial term that appears in Lemma 4.4. Since Xt is 
continuous, by Garsia-Rodemech-Rumsey [5], for all s,t< 1, 

\X Tt -X Ts \<8^ f-f-J dp(u) 

<^4/ 4 lt_ s |V4A og _A xl/2 

where ^4 is a constant independent of T (see Corollary 1.2 of Walsh [15] for 
this calculation). Rewriting the above, 

(4.7) |li-l s |<I>r|i-s| 1/4 (log^-^J Vs<t<T, 



where D T = A^) 1 ^. Note that F(D%) = A ^g (r) , which is polynomial in 
T of fixed degree do > 1. Let £Iq be the set of probability 1 such that for all 
positive integers T equation (4.7) holds and Dt < T do for T large enough. 
To see -P(^o) = lj use Borel-Cantelli: 

P(D T > ^ do ) = P(Z4 > tMo ) 
P(L> 4 ) 



< 
< 



c 



which is summable over all positive integers T. 

Suppose u G Let 5 t {lo) be such that ^^(log f)" 1 / 2 = T do . Then for 

all integral T>T (uj), and s,t<T with |t - s| < 5, \X t -X s \ < \t - sj 1 / 8 . 

o 

Now let {^t n } be a sequence of the form in Remark 4.3, with the addi- 
tional condition that {t n } n [k, k + 1) are evenly spaced within [k, k + 1) for 
each k G Z + (i.e., i n+ i-i n = ce~^ k/2 for t„ G {i re }n [fc, fc+1)). Evidently X tn 

o 

converges a.s. to a limit X^. Without loss of generality, assume convergence 
of the sequence on the set Slo- 

There exists Ti(oj) such that for all T > Ti, ce - ^/ 2 < 5. Hence, for all t 
such that Ti VT <t<T there exists ^ G such that < ce _c W/ 2 < 

5 and hence 

o o o o o o 

\Xt — ^oo| < — X t ' n I + — Xoo| 

<|t-4l 1/8 + |i 4 -ioo| 
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Sending t — > oo gives almost sure convergence of e ^J^) to = WPoo((ft) 
by Theorem 4.2, since t' n — > oo with t. Note that this implies for (ft £ Lip x 



(4.8) 



/3t 



a.s. 



since on 5, 

By Exercise 2.2 of [4] on Mi(M d ), the space of probability measures on 
M. d , the Prohorov metric of weak convergence is equivalent to the Vasser- 
stein metric. It is easy to construct a class O that is a countable algebra of 
Lipschitz functions and that therefore is strongly separating (see page 113 
of [4]). Hence by Theorem 3.4.5(b) of [4], G is convergence determining. 
Since there exists a set So C S with P(S"\ So) = such that on So, equation 
(4.8) holds simultaneously for all (ft € 0, 

Poo(0 

in the Vasserstein metric, for oj £ So because G is convergence determining. 

To drop the dependence on the eighth moment, we argue as in the proof of 
Theorem 1.5, where we make use of the Markov Property and the Compact 
support property for Historical Brownian Motion. □ 

Proof of Theorem 1.10. This follows almost immediately from The- 
orem 1.8 and the representation given in Remark 3.2(a). Let (ft £ Lip 1; then 



X' t {4>) = K t ((ft(Y t )) = K t [(ft[Z t + 1 J^Z s ds 



{x + f(t,U}))dX t (d X ), 



where f(t) = 7 J" * Z s ds. Remark 3.2(b) gives f(t) = Y t — Z t , and hence f(t) 
Yoo follows from Theorem 1.7. Note that 

Yy. 



\Xl((ft)-P£°(cft)\ 



< 



(x + f(t))dX t (dx) 



{x + f (00)) dX t (dx) 



+ 



(a; + /(oo)) dX t {dx) - J <f>(x + /(oo)) dX^dx) 

<\f(t)~ /(ooJI+d^t.Xoo) 

since (ft € Lip 1 . Taking the supremum over (ft and the previous theorem give 
diXLX'n) < \f(t,u) - f(oo,u)\ + d(X t ,X 00 ) ^0. □ 
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4.3. The repelling case, on the survival set. Much less can be said for 
the SOU process repelling from its center of mass than in the attractive 
case. We can, however, show that the center of mass converges, provided the 
rate of repulsion is not too strong, which we recall was the first step toward 
showing the a.s. convergence of the normalized interacting SOU process in 
the attractive case. The situation here is more complicated since we prove 
that the COM of the ordinary SOU process with repulsion diverges almost 
surely, implying that results for convergence of X' will not simply be estab- 
lished through the correspondence. We finish with some conjectures on the 
limiting measure for the repelling case. 

As in the previous section, assume Zq = Yq = uq, unless stated otherwise. 

Proof of Theorem 1.11. Assume that F(K(\y \ 2 )) < oo, like in the 
proof of Theorem 1.5. As in that theorem, this condition can be weakened 
to just the finite initial mass condition using similar reasoning. 

For part (a), note that as in Theorem 1.7, Yf will converge if P([y]i) < oo 
and which holds if the following quantity is bounded: 

/ poo \y |2 _ y2 \ / foo y2 \ 

r (X L V L * iS )* P U 

f°° 1 + s 6 e- 2 T s , 

< C a US 

~ Jo eP* 

< oo, 

by Lemma 3.8 and by the conditions on 7. 
For (b), we require the following lemma. 

Lemma 4.6. Let —f3/2 < 7 < and Xq / 0. For a measure m on W 1 , 
let T a (m) be m translated by a G IR d . That is, T a (m)((f)) = f cf)(x + a)m(dx). 
Then: 

(i) For all but at most countably many a, 

(4.9) P Ta{Xo) (e^Z t ^L^O\S) = l. 

(ii) For all but at most one value of a 

P Ta[Xo) (e^Z t ^L^O\S)>0. 

Proof. We first note that, by the correspondence (3.4), we have that 

Z t = Y t —ye-^ f e^ s Y s ds. 
Jo 
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Under our hypotheses Yt converges by Theorem 1.11(a), and hence 

(4.10) lim e^Zt + [ je^Ys ds = 
a.s. on S. Therefore, on S, 

(4.11) lim e^Zt exists a.s. 

t— >oo 

Note that one can build a solution of (SE) 2 with initial conditions given 
by T a {Xo) by seeing that if Y t gives the solution of (SE)y Q K , then Y t + a 

gives the solution of (SE)y o+aA -, and that the projection 

X' t {-) = f l(Y t + ae-)K t (dy) 

gives the appropriate interacting SOU process. 
By (4.10) and (4.11), 

¥ Xo ({e^Z t L ± 0} c |5) = ¥ Ta{Xo) (jim J* e^Y. ds = o|s) 



X ! 



X 



+ lim / e~* s Y s ds = 



"f t->00 Jq 



s). 



The random variable J °° e 7S Ys ds is finite a.s. and so only a countable 
number of values a exist with the latter expression positive, implying the 
first result. The second result also follows as well since the last expression 
in the above display can be 1 for at most 1 value of a. □ 

To complete the proof of Theorem 1.11(b), choose a value a € M d such 
that (4.9) holds. By Theorem III.2.2 of [9] and the fact that X P S <C T a (X )P t , 
for all < s < t, for the OU semigroup Pt, we have that for all < s < t 

(4.12) W Xo (X s+ . G •) « F Ta(Xo) (Xt+. G •)• 

By our choice of a, 

K a{ x o) (Vx 1 (}nne^Z t = 0,s))=0, 
holds, and hence by (4.12) we have 

Recalling from (4.11) that lim^oo e^Zt exists a.s., we are done. □ 



lim e^Zt = 0,S)= ¥ Xo (F Xl ( lim e^Z t = 0, S) ) = 0. 
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Note that for > 7 > — f , this implies that even if mass is repelled at rate 
7, the COM of the interacting SOU process still settles down in the long 
run. That is, driving Yt away from Yt seems to have the effect of stabilizing 
it. One can think of this as a situation where the mass is growing quickly 
enough that the law of large numbers overcomes the repelling force. 

More surprising is that the COM of the ordinary SOU process diverges 
exponentially fast, even while the COM of the interacting one settles down. 
This follows from the correspondence 

Y t = Z t + -{ Z s ds, 
Jo 

and the cancellation that occurs in it due to the exponential rate of Zt- 

The next lemma shows that Theorem 1 of Englander and Winter [3] can 
be reformulated to yield a result for the SOU process with repulsion at rate 7 
(where 7 is taken to be a negative parameter in our setting). 

Lemma 4.7. On S, for the SOU process, X, with repulsion rate — 4 < 
7 < and compactly supported initial measure fi, and any ip € C^(R d ) 

e^XtW-^^ [ iP(x)dx, 

where £ is a positive random variable on the set S. 

Proof. Note that by Example 2 of Pinsky [10] it is shown that the 
hypotheses of Theorem 1 of [3] hold for the SOU process with repulsion 
from the origin at rate < —7 < 4 . The theorem says that there is a function 
<j) c £C^°(R d ) such that 

(4.13) ^ 



where W is as in Lemma 3.5. 

Example 2 also shows that for ip S C+(M d ), 

lim e-^ d)t W{X t {i))) = n((t> c )m(ip), 



t— >oo 



where m is Lebesgue measure on R rf . Hence, manipulating the expression in 
(4.13) by using the previous equation and Lemma 3.5 gives 

* W /l(0 c ) t^oo X t (l) 

£W e-^+^WiXti^))) 



£W n{(j>c)m(i>) 

K4>c) w 
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This lemma indicates that on the survival set, when 7 < 0, one cannot 
naively normalize Xt by its mass since the probability measures {X{\ are 
not tight. That is, a proportion of mass is escaping to infinity and is not 
seen by compact sets. Note that the lemma above implies that for Xt, the 
right normalizing factor is e^ + " /d ^ t . 

o 

Definition 4.8. We say a measure-valued process X goes locally ex- 

o 

tinct if for any finite initial measure Xq and any bounded A £ B(R ), there 

o 

is a IP o -a.s. finite stopping time ta so that XAA) = for all t > ta a.s. 

Remark 4.9. Example 2 of Pinsky [10] also shows that for 7 < —f3/d 
the SOU undergoes local extinction (all the mass escapes). Hence for tp £ 
C c (R d ), there is no normalization where Xt(ip) can be expected to converge 
to something nontrivial. 

From Remark 3.4, one can show that 

Z t = Z + N t -j Z s ds, 
Jo 

where N is a martingale. Therefore, you can think of the COM of X, the 
SOU process repelling from origin, as being given by an exponential drift 
term plus fluctuations. The correspondence of Remark 3.2(b) implies then 
that Yt = Yq + Nt, or in other words, the center of mass of the SOU process 
repelling from its COM is given by simply the fluctuations. 
We finish with some conjectures. 

Conjecture 4.10. On the survival set, if X' is fixed and compactly 
supported, then the following is conjectured to hold: 

(a) If < —7 < ^, then there exists constant /3 + < a < (3 so that for 

e- at X[{cj>) AKVO, 

where v is a random measure depending on Y^. 

(b) If (3/d< —7, then X[ undergoes local extinction. 

We expect that a < (3 simply because of the repulsion from the COM built 
in to the model results in a proportion of mass being lost to infinity. One 
would expect that the limiting measure v is a random multiple of Lebesgue 
measure as in the ordinary SOU process case, due to the correspondence, 
but it is conceivable that it is some other measure which has, for example, 
a dearth of mass near the limiting COM. 

As stated earlier, it is difficult to use Lemma 4.7 to prove this conjecture 
as the correspondence becomes much less useful in the repulsive case. The 
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problem is that while the equation 

j <t>{x)dX' t {x) = + Z s ds\dX t (x) 

still holds for t finite, the time integral of Z s now diverges. 

5. Proofs of technical lemmas. We now prove the lemmas first stated in 
Section 3. 

PROOF of Lemma 3.5. We first note that K t = e~ l3t K t is a (A/2,0, 
e _p )-historical process. The martingale problem then shows that Kt(l) is 
a nonnegative (3"t)-martingale and therefore converges almost surely by the 
Martingale Convergence theorem to a random variable W. It follows that 
{r/ < oo} C {W = 0}, since is an absorbing state for Kf(l). Exercise II. 5. 3 
in [9] shows that 

F( V <oo) = e- 2 ^ 1 \ 
The same exercise also shows 

'-(-(-«.(')))-x P (-^£L_). 

Now sending t — > oo gives 

F (p -xw,_( 2/3AK (l) \ 
P*o(« )-«*(- 2/3 + A J' 

and sending A — > oo gives 

o 

]P(W = 0) = e ~ 2l3KoW = P(r? < oo) 

o 

since Kq = Kq. Therefore, {r/ < oo} = {W = 0} almost surely. □ 

Proof of Lemma 3.7. We follow the proof of Theorem 111.1.3(a) in 
Perkins [9]. First, note that if H is another supercritical historical Brownian 
motion starting at time r with initial measure m under Q Tjm and A a Borcl 
subset of C, then the process defined by 

H^) = H t (-n{y:y T eA}) 

is also a supercritical historical Brownian motion starting at time r with 
initial measure m! given by m'(-) = m(- n A) under Q T;m . Then using the 
extinction probabilities for H' (refer, e.g., to Exercise II. 5. 3 of [9]) we have 

(5.1) ® T ,m( H t({y ■■y T eA}) = 0\ft>s) = exp 



2(3m(A) 



1 



-r) 
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Using the Markov property for K at time 4k and (5.1) gives 



3t> 3 -±±sX.K t \ 



2 n 



>0 



(5.2) 



< 



< 



: P[l - exp{-(2l3K j/2 »({y:\yV/2 n ) - y((j - 1)/2")| 

>c( 3 /2 n )h(2- n )})) 

2(3K j/2n ({y:\y(j/2 n )-y((j - 1)/2»)| > c(j /2 n )h(2~ n )}) 

1 - e-P/ 2n 

2f3K j/2 n({y:\y(j/2 n )-y(U ~ l)/2 n )| > c(j /2 n )h(2~ n )}) 



(f3/2 n )-(P 2 /2 2n + 1 ' 



< 



1 - (/3/2 n+1 ) 
xP(% 2 „(l))P j/2n 



3-1 

2 n 



>c[^)h(2- n )), 



where in the last step we have simply rearranged the constants and multi- 
plied and divided by the mean mass at time j2~ n and used the definition of 
the Campbell measure (Definition 2.1). 

Since under the normalized mean measure, y is a stopped Brownian mo- 
tion by Remark 3.1(b), we use tail estimates to see that the last quantity in 
(5.2) is 

2 n "H 



< 



d/2-l 9 -nc(j/2 n ) 2 /2 



< 2 n+2 2 «ln2/2" p(Xo(1))cdn d/2-l 2 -n((i/2")+c )/2_ 

Hence, summing over j from 1 to n2 n gives 



7 + 1 

There exists Kj< n2 n s.t. 3t > s.t 

— u — On 



Kt[{y: 



y 



2™ 



> c 



2" 



h{2~ n ) \) > 



n2 n 



< 



¥{X {l))c d n d ' 2 - l 2 n+2 - nc ^ 2 J2 2* ln2 / 2 "- n ^'/2") 

< nM^))c d n d/2 - 1 2- 2n+2 Y^2-i' 2n 
<P(Xo(l)) Cd n d / 2 - 1 2-" +2 , 
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where we have used the fact that cq > 6. Hence, the sum over n of the above 
shows by Borel-Cantelli that there exists for almost sure lu, N(uj) such that 
for all n> N, for all 1 < j < n2 n , for all t > 4^-, for Kt-a.a. y, 



1 



2" 



( — 

1 2 n 



Letting 5(oj) = 2 N ( u )^ note that on the dyadics, by above, we have that 

In A N 



"(5<X) 



N> 



In 2 



^ In A ^ „ ^ 7 + 1 
3n > -z—,3j < n2 n , 3t > J —— , s.t. 
In2 J ~ 2 n 



Ki 



y- 



i-i 



>o 



< 



2 n J \ 2 n 

C\d^)n d l 2 - x 2 2n - n ^l 2 
n=L-lnA/ln2j 

<C(d, Co ,e)A( c °/ 2 )- £ , 

where e can be chosen to be arbitrarily small (though the constant C will in- 
crease as it decreases). The rest of the proof follows as in Theorem 111.1.3(a) 
of [9], via an argument similar to Levy's proof for the modulus of continuity 
for Brownian motion. □ 



Proof of Lemma 3.8. Assume that Zq = Y and t < i]. Recall 



Jo 



dy s 



Note that below "<" denotes less than up to multiplicative constants inde- 
pendent of t and y. Suppose that y G S(5,c(t)), where S(8,c(t)) is the same 
as in the previous lemma. Then, as Yf = Zf + 7 J * Z s ds, 

ft ft 

|2 <^ I rr |2 1 „,2_i / I ry |2 J„ <-" I r7 |2 i „,2j 



by Cauchy-Schwarz and Jensen's inequality. Therefore, integrating with re- 
spect to the normalized measure gives 



(5.3) \Y t \ 2 <\Z t \z + Yt / \Z s \ 2 ds 

Jo 

and therefore we need only find the appropriate bounds for expectation of 
\Z t \ 2 to get the result. 
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After another few applications of Cauchy-Schwarz and integrating by 
parts, 



7* / P 7« 



e 7S dy t 



e^yt - 2/0 - 7 / Vse 18 ds 



\Z t \*<e-^\Z^ + 

<e- 2 ^|Z | 2 + e- 2 ^ 

< e"^(|Z | 2 + M 2 ) + \vt\ 2 + l 2 t f \y s \ 2 e~ 2 ^ ds. 

Jo 

As y<=S{5,c(t)), 

\z t ? < e-^(|z | 2 + M 2 ) + M 2 + 2 



+ 7 2 i 



M 2 + 



sc(s)h{8) \ 
5 J 



-27(*-*) ds 



< e-^dZol 2 + |y | 2 ) + |yo| 2 + M V(l - e- 27 *)/2 
c(t) 2 '' 



<(l + |7|t)(l + e- 2 ^)(|Z | 2 + |yo| 



+ C (ty 



$ J 



(^ + 7 t 3 (l- e - 2 T*)). 



Integrating by the normalized measure i^t, 

PtF < (1 + | 7 |<)(1 + e-**)K t (\Z \ 2 + |y | 2 ) 



+ c(t) 2 



h(8) 



(t 2 + 7 t 3 (l-e- 2 ^)). 



Then using (5.3) and using the above bound on \Zt\ 2 gives 

\W<W + 7 2 t f'Wds 
Jo 

(5.4) < (1 + t 2 )(l + e" 2 ^) [k t {\Z \ 2 + \y \ 2 ) + J* K S (\Z \ 2 + |y | 2 ) ^ 

(^) 2 (i 2 + 7t 3 (l-e- 2 ^))- 



+ (l + t)c(t)' 



Note that 0(y) = \Z (y )\ 2 + \y Q \ 2 and 4> n {y) = 4>(y)l(\y\ < n) are 3~ measur- 
able. By applying Ito's formula to K t (4> n )Kj~ 1 (l) and using the decompo- 
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sition K t (<t> n ) = K (<p n ) + J Q (j) n (y) dM(s,y) +/3 / * K s ((p n ) ds (which follows 
from Proposition 2.7 of [8]), we get 

k t (<j )n ) = k ( ( t )n ) + N t ( ( t )n ), 

where Nt(4> n ) is a local martingale until time 77, for each n. In fact, the 
sequence of stopping times {T\r} appearing in Theorem 3.3 can be used to 
localize each Nt((j) n ). Applying first the monotone convergence theorem and 
then localizing gives 

F(K t ^);t< V )= lim F(K t (<f>n);t<Ti) 

n— too 

= lim lim P(K t (^ n )l{t<T N )) 

n— Kx> N— too 

= lim lim V{k tATN (<l> n ) - k TN (<f> n )l(t>T N )) 

5>oo N— too 

< lim lim F{k tATN ^n)) 

n— too N^roo 

= lim lim P(tf O (0n)+WtA7v(0n)) 
n->oo N^too 

= lim P(K ((/> n )) 
n— too 

= F(^o(0)), 

where we have used the positivity of 4> n to get the fourth line and the 
monotone convergence theorem in the last line. Further, note that 

K s (<f))ds;t<r)) <p( [ K s (cf))l(s < rj) ds 



/ vo 



t 

P(k a (4>y,a<Ti)da 







< fP(K (<f>)), 

by the calculation immediately above. Thus, taking expectations in (5.4) 
and plugging in c(i) = \Jcq + 1 gives 

jm 2 



n\Y t \ 2 ;t < V ) < (1 + t 3 )(l + e- 2 ^)P(K (^)) + t 5 (l + te~ 2 ^ 



Now let co be chosen so that Supp(i^t) C S(5, c(t)) and p C0 W = CX a for 
AG [0,1]. Note that 
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< oo, 



= limf ln+(1/A V ((5 < A)) - F(5 < 1) 

-j\ (S<x)d (^m.y ni>1) 

< oo, 

by choosing the constant cq so that a is large (a > 2 is enough). □ 

Remark 3.9 follows from the above proof, after noting that the exponent 
a in Lemma 3.7 can be made arbitrarily large by choosing a sufficiently large 
constant cq. Hence by choosing a appropriately, we can show that 

WT 

which can then be used to adapt the proof above. 

Recall that Li Pl = {ip £ C(R d ) : Vx, y, \if>(x) - 4>{y)\ <\x- y\, ||^|| < !}■ 
We will, with a slight abuse of notation, allow M to denote the orthogonal 
martingale measure generated by the martingale problem for X. Let A be 
the infinitesimal generator for an OU process, and hence recall that for 
C 2 (R d ), 

A(j)(x) = —jx • V<f)(x) + —<ft(x). 
The next two proofs are for lemmas stated in Section 4.2. 

Proof of Lemma 4.2. Let 4> € Lip x . By the extension of the martingale 
problem for X given in Proposition II. 5. 7 of [9], for functions tp : [0, T] x M. d — > 
R such that ip satisfies the definition before that proposition, 

X t {-i{j t ) = Xoitpo) + [ I ' ^ s {x)dM{x,s)+ [ X s {Ail) s + pi> 8 + i> s )ds, 
Jo J Jo 

where M is the orthogonal martingale measure derived from the martingale 
problem for the SOU process. It is not difficult to show that ip s = Pt- S 4> 
where <f> as above satisfies requirements for Proposition II. 5. 7 of [9]. Plugging 
this in gives 

X t { ( t>)=X {P t 4>)+ I I P t ^(x)dM(s,x)+ I pX s (P t _ s( j>)ds 
Jo J Jo 

since -^P s (p = AP s (p. Multiplying by e _/3t and integrating by parts gives 
e- f3t X t {<P) = e-P t X t {^ t ) 

(5.5) =X Q (iM- ! Pe-P s X s (ip s )ds+ I e-P s dX s (ip s ) 
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= X (P t <f>) J e-P s P t - s c/>(x) dM(s,x). 

Note that as the OU-piocess has a stationary distribution P^ where P± — > 
Poo in norm. When s is large in (5.5), Pi_ s </>(x) does not contribute much 
to the stochastic integral and hence we expect the limit of e~^ t Xt((j)) to be 

roc r 

(5.6) X (P oo <j))+ J e- ps P^{x)dM{s,x), 

which is a well defined, finite random variable as 




-^Poo0(z)dM(8,2O 



DC 



oo 

2/3s 



<||f e-^ s X s (l)ds, 



which is finite in expectation. As P 00 (j)(x) does not depend on x, it follows 
that 

(5.6) = (P^Xoil) + (Poo^) J J e-? s dM(s,x) = WP oo( j ) . 
Given this decomposition for WPoo<j), we write 



roo \ 2 

<3P((/ e- /3s P oo( /.(x)dM(s,x 



+ 3P ((Y J e-^(P t - s 0(x)-P oo 0(x))dM(s,x) N 



+ X O (Poo0-P^ : 



If zt is a d-dimensional OU process satisfying dzt = —^ztdt + dBt, where 
Bf is a (i-dimensional Brownian motion, then 



ll z Q + I e~ {t ~ s) ^dB t 
Jo 



and hence zt is Gaussian, with mean e 7 *zo and covariance matrix ^-(l — 
e~ 2 ~ ft )I. Evidently, z^ is also Gaussian, mean and variance ^1. We use 
a simple coupling: suppose that wt is a random variable independent of 
zt such that z^ = Zt + u>t (i.e., Wt is Gaussian with mean — e~ ll ZQ and 
covariance ^e~ 2/yt I). Then using the fact that € Lip x and the Cauchy- 
Schwarz inequality, followed by our coupling with zq = x gives 



2 

\2 



X o (Poo0 - P t 0) 2 = / E a, (0(a oo ) - ^(zt))X (ds) 
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< / E x (\z oo -z t \) 2 X (dx)X (l) 



E x (\w t \ 2 )X (dx)X (l) 



-27* 



x \ 2 + ^jX (dx)X (l) 
\x\ 2 X (dx)X (l) + X (l)'- 



Taking expectations and using Cauchy-Schwarz and the assumptions on Xq 
gives exponential rate of convergence for the above term. 

Since we can think of JJ" f e~^ s Pt- s (j)(x) dM(s, x) as a martingale in r up 
until time t, various martingale inequalities can be applied to get bounds for 
the terminal element, J Q * J e~ /3s Pt- s 4>(x) dM{s, x). Note that this process is 
not in general a martingale in t. Therefore, we have 

J* J e- /3s P oo 0(x) dM(s, x) - J* J e-P'P t - a <l>(x) dM(s, x)' 

2n 



(5.7) 



J J e-^(Poo^(x)-P fr 



s4>(x)) dM(s,x] 



< 



-2/3s 



(x) - P t -s4>{x)) X s (dx)ds 



Then as 4> Lipschitz, by the coupling above, 
ft 

(5.7) <P" 



e -2Ps I e -2 7 (t-s) 



-2/3s-2y(t-s) ] 



-2y3s-2 7 (t-s) T 



^|x| 2 + ^-JX s (dx)ds 
J \x\ 2 + ^X s (dx 



K s (\Z s \ 2 ) + ^-X s (l 



ds. 



Applying the Cauchy-Schwarz inequality followed by Remark 3.9(b) gives 
F(K S (\Z S \ 2 )) 



= n\Z s \ 2 K s {l) ] s<r l ) 
<P(W%<^)V 2 P(x a (i) 2 )V 2 

< ci?( S ,7,4) 1 /2 e ^ P ^ o(1) 2 + 1 Xq(1) 



1/2 
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where the last line follows by first noting that 

e-^Xtil) = X (l) + J J e- ps dM{s,x) 
is a martingale. That is, 

e - 2 ^P(X s (l) 2 )<2p(x (l) 2 + y\-^dM(r,x)^ ) 

■( 



2P x (iy + 



(5.8) 



jf e~ Pr dM(r,x) ^ 
2p(x (l) 2 + ^V 2/3r X r (l) ( fr) 

2P(X (l) 2 ) + 2 I* e-P r F(e~P r X r (l))dr 
Jo 

2P(X (l) 2 ) + 2 f e -^P(X (l))dr 

JO 



X (1) 2 + ^X (1) 



Therefore, 



(5.7) < /v 



■2/3s-27(t-s) 



e^5( S ,7,4) 1 / 2 p(x (l) 2 + ix (l) 



1/2 



r/.s 



+ / e -2^-2 7 (*- S ) e ^_rLp(X (l))ds 

27 



o 



< / e - / 8s-2 T (t-s) 



i?( S , 7 ,4) 1 /2p^ (l) 2 + ix (l) 



1/2 



+ ^P(Xo(l)) 



r/.s 



where (j — min(/3, 27) — s where e is arbitrary small and comes from the 
polynomial term in the integral. 
Finally, 

P ((/ 00e ~ /3SPo0<A(x)dM(S ' X) ) ) = ( P -^ 2p (/ 00e ^^( 1 ) (is ) 



e- ps X s {l))ds 



< 



^e-^P(X (l)), 
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since e ^ s X s (l) is a martingale. Therefore, since Ci < P, we see that C = Ci 
gives the correct exponent. □ 

Proof of Lemma 4.4. The proof will follow in a manner very similar 
to the proof of the previous lemma. From the calculations above, we see that 

e -M+h) Xt+h{(f>) _ e -pt Xt{(t)) 
= X o (P t+h 0-P t 0) 

rt+h r rt r 

+ J J e-P'Pi+ h - a <j>(x) dM(s, x )~ j Q j e-P s PtsHx) dM(s, x) 
= X Q {P t+h cj> - P t <f>) + J* J e- ps {(P t+h . s - P t - S )^{x)) dM(s,x) 

+ lt +h I e ~ PSp t+ h -^ x ) dM ( s i x ) 



= h + I 2 + h. 

Using the Cauchy-Schwarz inequality, we can find bounds for F(\Ik\ 4 ),k = 
1, 2, 3, separately: 

\h\ A = x Q {p t+h ^-p t 4>f 

< [X ((P f+ ^-P^) 2 )X (l)] 2 . 
Recalling the simple coupling in the previous lemma to see that 

(P t+h <f>(x) - PtHx)f < E x (\<f>(zt+h) - Hzt)\ 2 ) 
<E x (\z t+h -z t \ 2 ) 
<E x (\w t:t+h \ 2 ), 

where z is as above, an OU process started at x, and w Si t is independent of z s 
but such that Zt = z s + w s j- Hence, w Sj t is Gaussian with mean x(e~' yt — e _7S ) 
and covariance matrix T^(e _2s7 — e -2 * 7 ). Therefore, 

(JW(*) " Ptmf < \x\ 2 (e~^ - e" 7 ') 2 + ^-(e- 2 * 7 - e" 2 ^ 7 ) 

= e" 27i ( \x\ 2 (l - e" 7h ) 2 + —(1 - e~ 2h7 ' 
V 2 7 



Hence, 

P(|7i| 4 ) =P 



L-^il-e-^) 2 J \x\ 2 X (dx)X (l) 
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+ ^e- 2 ^(l-e 2 ^)X (l) 2 J 



<C 1 (d, 7 )/ i 2 e- 4 ^, 

where C\ is a constant that is finite by assumptions on the initial measure. 

To get bounds on the expectation of I2, we use martingale inequalities. 
Note that / / e" /3s ((P i+h _ s - P t - s )^{x))dM{s,x) = N(-) is a martingale 
until time t. Therefore, using the Burkholder-Davis-Gundy inequality and 
the coupling above gives 

P(|/ 2 | 4 ) < cF([N] 2 t) 



cP 



< cP 



+ 



< cP 



+ t 



ct 




" 2/3s ((P i+/l „ s - P t _ s )(f>(x)) 2 X a (dx) ds 



'0 



e -2^( e -7(t+h-«)_ e - 7 (t-*))2 I \ x \2 Xs (dx)d S 

1 de- 2 ? 



2n 



.( e -2(t-s) 7 _ e -2(t+h-a)7)X s (l) ds 



e -4/3s/-7(i+/i-s) _ g -7(*-s 



2 /.t 



>)«(/ W '*.(*)j * 

«( e -2(*- S h_ e -2(t+^- S )7)2 Xs(1) 2 ds 



e -2/3s ( - e - 7 (f+/i-s) _ e -7(t- 



2 ,* 



X s (dx] 



ds 



-2/3s (e -2(t-,) 7 _ e -2(tf/»--)7)2 p [( e -^ Xa ( 1 ))2] ds 



Since X s (\x\ 2 ) = K S {\Z S \ 2 ), by Remark 3.9(b), 
F{e- 2t3s X s (\x\ 2 ) 2 ) < F\zf{(T^X s {l)f;s< rj] 

< F(zf; s < 7 ? ) 1 / 2 P(e' 4 ^X s (l) 4 ) 1 / 2 

< F(Zf; s < r ? ) 1 / 2 P(e- 4/3s X s (l) 4 ) 1 / 2 

< cB( 7 , 8) 1 / 2 (P(X (1) 4 + S X (1) 2 + S X (1))) 1/2 . 

The bound on the expectation of e _4/3s X s (l) 4 follows by an application of 
the BDG Inequality to e-^ s X s {l) = X (l) + J Q S e _/3r dM(r,x) and similar 
calculations used to determine the bound on (5.8). Therefore, 



< ct 



-^5(7, s, 8)V2 (e -7(*+ft- 5 ) _ e -7it-s)y 
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x (p(x (i) 4 + sx (iy + sx (i))y /z ds 

+ ^ / , * e -2^ (e -2(t-5h _ e -2( t+ h- s)7) 2 p / Zo(l) 2 + l Xo( l)^ ds 

47 2 Jo \ P J 

< ctBfr, t, 8) 1 / 2 (P(X (1) 4 + tX (l) 2 + tX (l))) 1/2 

x (e-^ -1) 4 [ e-W'e-W-^ds 
Jo 

+ ^(e- 2 ^-l) 2 p(^o(l) 2 + ^ (l)) jf 
<C 2 (t,7,^)^e- Cl *, 



-2^ Se -4(t- s)7ds 



where C2 is polynomial in i. By another application of the BDG inequality, 
and noting that ||<?!>|| =1, 



ni^i 4 ) 



< cP 



< cM 



J J e-P s P t+h _ s (l>{x)dM{s,x 
J t+ j (e^ s P t+h ^ s( p(x)) 2 X s (dx)ds 

rt+h 

J e-^ s X s (l) 2 ds 



che- 2 ^ 



t+h 



rt+h 

< che~ 2(3t / P[X (1) 2 + X (l)/p] ds 

< C 3 ((3)h 2 e- 2 ^, 

where the second last line follows from the same calculations performed in 
estimating moments of 12- Note that the constant C3 does not depend on t 
here. 

Putting the pieces together shows that there exists a function C polyno- 
mial in t and a positive constant £* such that (4.4) holds. □ 



e- Ws X s {lf}ds 
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